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Abstract
Recently Bezerra, Garcia and Stichtenoth constructed an explicit tower F = (Fn)n0 of function
fields over a finite field Fq3 , whose limit λ(F) = limn→∞ N(Fn)/g(Fn) attains the Zink bound λ(F) 
2(q2 − 1)/(q + 2). Their proof is rather long and very technical. In this paper we replace the complex cal-
culations in their work by structural arguments, thus giving a much simpler and shorter proof for the limit
of the Bezerra, Garcia and Stichtenoth tower.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Towers of function fields; Genus; Rational places; Limits of towers; Zink’s bound
1. Introduction
Let F be an algebraic function field of one variable with the finite field F as its full field
of constants. Let g be the genus of F and denote by N(F) the number of F-rational places
of F . The Hasse–Weil bound gives an upper bound for N(F) in terms of g and . This bound
is not optimal, when the genus is large compared to the cardinality of the finite field, see [7,8].
To study the asymptotic behavior with increasing genus, let N(g) be the maximal number of
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and Vla˘dut¸ [2], that
A() := lim sup
g→∞
N(g)
g

√
− 1.
If  is a square (an even power of a prime), then the above inequality is in fact an equality;
i.e., A() = √− 1, see [7,12].
If  is not a square, not much is known about the exact value of A(). Using class field towers,
Serre [9,10] showed that there exists a constant c > 0, which is independent of , such that
A() c · log > 0 for all .
Using degenerations of Shimura modular surfaces, Zink [13] showed that
A
(
p3
)
 2(p
2 − 1)
p + 2 ,
if p is a prime number.
In [6], van der Geer and van der Vlugt gave an explicit example of a tower E = (En)n0 over
the finite field with eight elements, with limit
λ(E) := lim
n→∞
N(En)
g(En)
= 3
2
,
which attains Zink’s lower bound for p = 2. Their tower is given as follows: E0 = F8(x0) and
Ei+1 = Ei(xi+1) for i  0, where
x2i+1 + xi+1 = xi + 1 + 1/xi. (1)
Zink’s lower bound was generalized by Bezerra, Garcia and Stichtenoth [1] to arbitrary cubic
finite fields. This was done by providing an explicit tower of function fields F = (Fn)n0 over
the finite field F, where  = q3 for an arbitrary prime power q , with limit
λ(F ) = lim
n→∞
N(Fn)
g(Fn)
 2(q
2 − 1)
q + 2 . (2)
This tower is recursively given as follows: F0 = F(x0) and Fi+1 = Fi(xi+1) for i  0, where
1 − xi+1
x
q
i+1
= x
q
i + xi − 1
xi
. (3)
We call the tower F , which is defined by Eq. (3), the Bezerra–Garcia–Stichtenoth tower (BGS
tower for short). The case q = 2 corresponds to the van der Geer–van der Vlugt tower, see Eq. (1).
The case q > 2 is substantially different. In this case the extensions Fi+1/Fi (i  0) are not even
Galois. In this paper, we will be concerned with this case.
The proof of inequality (2) splits naturally into two problems:
(i) to give a lower bound for the numbers N(Fn);
(ii) to give an upper bound for the genus g(Fn), for all n 0.
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field F0 split completely in all extensions Fn/F0. We give here a slightly simpler proof of this
fact than the proof given in [1], see Theorem 3 below. Much harder is the second problem. Here
one has to find an upper bound for the degree of the differents in the extensions Fn/F0. Since
there occurs wild (and in the case q = 2 also tame) ramification in Fn/F0, the precise determi-
nation of different degrees requires careful and long calculations, cf. [1, Section 4]. The main
contribution of our paper is to replace these very technical calculations by a simpler structural
argument. According to the referee’s suggestion, we present our results in such a way that the
reader does not need to study the paper [1]. Therefore, at some places, we have to repeat briefly
some arguments of [1].
Let us first fix some notation. We consider function fields F/K where K is the full constant
field of F . In most cases, K will be a finite field K = F or its algebraic closure K = F¯. We
denote by P(F ) the set of places of F/K . For a place P of F/K , we will denote the normalized
discrete valuation of F/K associated with P by vP . For a rational function field K(x) we will
write (x = a) for the place which is the zero of x − a (where a ∈ K) and (x = ∞) for the pole
of x.
For a finite separable extension E of F and a place Q ∈ P(E) we will denote by Q|F the
restriction of Q to F (i.e., Q|F = Q ∩ F ). We will write Q | P , if the place Q ∈ P(E) lies over
the place P of F/K . In this case, we will denote by e(Q | P) and d(Q | P) the ramification
index of Q | P and the different exponent of Q | P , respectively.
2. Some basic properties of the BGS tower
Let q be a prime power and  = q3. Consider the BGS tower F = (F0,F1,F2, . . .) of function
fields over the finite field F, which is defined recursively by the equation
1 − y
yq
= x
q + x − 1
x
;
i.e., F0 = F(x0) is the rational function field and Fi+1 = Fi(xi+1) where
1 − xi+1
x
q
i+1
= x
q
i + xi − 1
xi
for i  0. (4)
Let us compile some basic facts about this tower, which will be needed in the sequel.
Lemma 1. The place (x0 = 0) is totally ramified in all extensions [Fi : F0], with ramification
index e = qi . Therefore the field F is algebraically closed in Fi , and [Fi : F0] = qi for all i  0.
Proof. Obvious, by Eq. (4) and induction. 
Next, we investigate some rational places of F0, which split completely in all extensions
Fi/F0. Let
a(T ) := 1 − T
q
and b(T ) := T
q + T − 1
,
T T
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ϕ(T ) = T q+1 − T + 1.
We consider the following sets S,A,B ∈ F¯:
S := {γ ∈ F¯ | ϕ(γ ) = 0},
A := {γ ∈ F¯ | a(γ ) ∈ S} and B := {γ ∈ F¯ | b(γ ) ∈ S}.
Lemma 2.
(i) A = B .
(ii) |S| = q + 1.
(iii) For γ ∈ S, |a−1(γ )| = q and |A| = q · (q + 1).
(iv) A ⊂ F.
Proof. We have the following identity, which can be verified easily:
T q
2+q · ϕ(a(T ))= T q+1 · ϕ(b(T ))= (1 − T )q2+q+1 + T q2+q+1. (5)
(i) Follows directly from Eq. (5), since for ω ∈ F¯\{0}, we have
ω ∈ A ⇐⇒ ϕ(a(ω))= 0 ⇐⇒ ϕ(b(ω))= 0 ⇐⇒ ω ∈ B.
(ii) Clear, since the polynomial ϕ(T ) is separable.
(iii) Clear, since the polynomials T q + (1/γ ) · T − 1/γ (for γ ∈ S) are separable and since
|S| = q + 1 by (ii).
(iv) Let η ∈ A. Then ϕ(a(η)) = 0. So, by Eq. (5), we have
(1 − η)q2+q+1 + ηq2+q+1 = 0.
Therefore
(
1
η
− 1
)q2+q+1
= −1.
Since  = q3, it follows that 1/η − 1 ∈ F and hence η ∈ F. 
Theorem 3. For ω ∈ A, the place (x0 = ω) of F0 splits completely in the tower F/F; i.e., it
splits completely in the extensions Fi/F0, for all i  1. So there are at least q(q + 1) places
of F0, that split completely in the tower. Hence, the splitting rate
ν(F) := lim
r→∞
N(Fr)
[Fr : F0]
satisfies
ν(F) q(q + 1).
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Proof. Let ω ∈ A. By Lemma 2, the equation a(ξ) = b(ω) has exactly q roots ξ in F¯ and
all of these roots are again in the set A and hence also in F. The theorem follows now by
induction. 
Since we will be concerned mainly with the genus of the BGS tower, for simplicity, we con-
sider the same tower over the algebraic closure F¯ of F. Define the set
R := {α ∈ F¯ | αq + α = 1}.
Lemma 4.
(i) The ramification indices in the first step of the tower (i.e., in the extension F¯(x0, x1)/F¯(x0))
are as in Fig. 1.
(ii) The places (x0 = 0), (x0 = ∞) and (x0 = α), with α ∈ R, are the only places of F¯(x0) that
are ramified in the extension F¯(x0, x1)/F¯(x0).
(iii) In the extension F¯(x0, x1)/F¯(x1), ramification indices and different exponents are as in
Fig. 2.
(iv) The places (x1 = 0) and (x1 = α), with α ∈ R are the only places of F¯(x1) that are ramified
in the extension F¯(x0, x1)/F¯(x1).
(v) In the function field F¯(x0, x1) we have the following principal divisors:
(x0) = qP0 − qP∞,
(x0 − 1) =
∑
γ∈R
Sγ − qP∞,
(x0 − α) = Pα + (q − 1)Qα − qP∞ for α ∈ R,
(x1) = P0 + (q − 1)P∞ −
∑
γ∈R
Qγ ,
(x1 − 1) =
∑
Pγ −
∑
Qγ , (x1 − α) = qSα −
∑
Qγ for α ∈ R.
γ∈R γ∈R γ∈R
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(vi) Let r  1 and let Q be a place of Fr . For 0 j  r − 1, the following holds for the values
of the functions xj , xj+1 at the place Q:
– if xj = 0, then xj+1 = 0,
– if xj = ∞ then xj+1 = 0,
– if xj = α with α ∈ R then either xj+1 = ∞ or xj+1 = 1,
– if xj = 1 then xj+1 = α for some α ∈ R,
– if xj+1 = 0 then either xj = 0 or xj = ∞,
– if xj+1 = 1 then xj = α for some α ∈ R,
– if xj+1 = ∞ then xj = α for some α ∈ R,
– if xj+1 = α with α ∈ R then xj = 1.
Proof. We only show the assertions concerning the different exponents of the wildly ramified
places in items (i) and (iii). All other assertions follow easily from the defining Eq. (4) of the
tower and are left to the reader.
Let P0 be a place of F¯(x0, x1) lying over the place (x0 = 0) of F¯(x0). It follows from Eq. (4)
that vP0(x0) = q and vP0(x1) = 1; i.e., the function x1 is a prime element at P0. The minimal
polynomial of x1 over F¯(x0) is
σ(T ) = T q + x0
x
q
0 + x0 − 1
· T − x0
x
q
0 + x0 − 1
and therefore d(P0 | (x0 = 0)) = vP0(σ ′(x1)) = vP0(x0/(xq0 + x0 − 1)) = q , by [11, Proposi-
tion III.5.12].
In a similar way one shows the equations d(P∞ | (x0 = ∞)) = 2q − 2 and d(Sα |
(x1 = α)) = q for α ∈ R, using the fact that 1/(x0 · x1) and (x0 − 1) are prime elements at
the places P∞ and Sα , respectively. 
Remark 5. For q > 2, the steps in the BGS tower are not Galois, as can be easily seen from the
ramification behavior of the place (x0 = α) for α ∈ R in the extension F¯(x0, x1)/F¯(x0).
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which are ramified in some extension Fn/F0) is finite and is given by
V (F/F0) =
{
(x0 = 0), (x0 = ∞), (x0 = 1)
}∪ {(x0 = α) | α ∈ R}.
Proof. Follows directly from Lemma 4(ii) and (vi). 
As above, we consider the BGS tower F = (F0,F1,F2, . . .) over the algebraic closure F¯
of F. Let r  1. In order to estimate the genus of the function field Fr , it is necessary to in-
vestigate the ramification behavior in the extension Fr/F0 more thoroughly. Let Q be a place
of Fr , which is ramified in the extension Fr/F0. Let P be its restriction to F0. We want to de-
termine the ramification index e(Q | P) and the different exponent d(Q | P). We classify the
ramified places of Fr/F0 as follows: consider the sequence S(Q) = (x0(Q), x1(Q), . . . , xr (Q)),
where xi(Q) ∈ F¯ ∪ {∞} denotes the value (= residue class) of the function xi at the place Q.
By Lemmas 6 and 4(vi), the sequence S(Q) belongs to one of the following types:
Type I: S(Q) = (0,0, . . . ,0).
Type II: S(Q) = (∞,0,0, . . . ,0).
Type III: S(Q) = (. . . , αk,1, αk+1, . . . ,1, αm,∞,0,0, . . . ,0) with αi ∈ R (i.e., the first entries
of S(Q) alternate between 1 and elements of the set R, followed by ∞,0,0, . . . ,0).
For type I, it is easily seen from Figs. 1, 2 and Abhyankar’s lemma (see [11, Chapter III.8])
that e(Q | P) = qr and d(Q | P) = (qr+1 −q)/(q −1). Similarly, for type II, e(Q | P) = qr and
d(Q | P) = 2(qr − 1).
Now we investigate places of type III. In fact, this is the hard part of the paper [1]. For 0 
i  j  r , let F i,j = F¯(xi, xi+1, . . . , xj ). In particular, F 0,r = Fr . For 0  i1  j1  r and
0 i2  j2  r , we have
F i1,j1 is a subfield of F i2,j2 ⇐⇒ i2  i1 and j1  j2.
The arrangement of the subfields F i,j (0 i  j  r) of Fr is depicted in Fig. 3.
Let Q be a place of Fr , which is ramified in the extension Fr/F0 and which is of type III.
Denote by Qi,j the restriction of the place Q to F i,j . Our aim is to estimate the ramification
Fig. 3. Arrangement of subfields F i,j .
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index e(Q | Q0,0) and the different exponent d(Q | Q0,0). We assume that x0(Q) = 1 (the case
x0(Q) ∈ R is analogous). Then
• xt (Q) = ∞ for some 1 t  r ,
• x1(Q) = α1, x3(Q) = α3, . . . , xt−1(Q) = αt−1, with α1, α3, . . . , αt−1 ∈ R,
• x0(Q) = x2(Q) = · · · = xt−2(Q) = 1,
• xi(Q) = 0 for i > t .
In order to study the ramification index and different exponent of Q over (x0 = 1), we investi-
gate the behavior of Q in all steps of the “pyramid” in Fig. 3. However, ultimately we are only
interested in the ramification behavior along the left side of the pyramid; i.e., along the line EC
in Fig. 4.
From Lemma 4(i) we immediately read off e(Qi,i+1 | Qi,i) and d(Qi,i+1 | Qi,i) for 0 i 
r − 1, since the extension F i,i+1/F i,i corresponds just to the first step of the tower. Similarly,
from Lemma 4(iii), we obtain e(Qi−1,i | Qi,i) and d(Qi−1,i | Qi,i) for 1 i  r . This situation
is depicted in Fig. 5. For extensions, where the restriction of the place Q is wildly ramified, the
different exponents are provided within square brackets.
As shown in Fig. 4, we divide the pyramid corresponding to the field F 0,r into three parts:
(i) the triangle EGB , which is the pyramid corresponding to the field F 0,t ,
(ii) the triangle FHD, which is the pyramid corresponding to the field F t−1,r ,
(iii) the rectangle ADCB .
From Fig. 5 and Abhyankar’s Lemma one obtains easily the ramification indices and different
exponents of Q in part (i), i.e., in the pyramid corresponding to the field Ft = F¯(x0, x1, . . . , xt ),
as shown in Fig. 6.
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Likewise, the ramification behavior of Q in part (ii), i.e., in the pyramid corresponding to the
field F t−1,r = F¯(xt−1, xt , . . . , xr ) follows from Fig. 5 and Abhyankar’s Lemma, and is depicted
in Fig. 7.
It remains to determine the ramification behavior of the place Q in part (iii) of the pyramid
of F 0,r , which is depicted in Fig. 8. However, in composita, where the place is wildly ramified
in both directions, Abhyankar’s Lemma cannot be applied. These problematic composita are
indicated in Fig. 8 by dotted squares. Thus it is hard to determine the ramification behavior along
the line BC in Fig. 8 and a major part of [1] is concerned with this situation.
3. A simplified proof for the limit of the tower
As mentioned above, the main difficulty in computing the limit of the BGS tower is to deter-
mine the ramification in composita, where the place is wildly ramified in both directions, since in
this case Abhyankar’s Lemma cannot be applied. A similar situation is considered in [5], where
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simpler proofs for the limits of the towers in [3,6] are given. The main ingredient is a “key lem-
ma” [5, Lemma 1], which also plays a crucial role in [4], where limits of the Galois closures of
these towers are obtained. The main idea in [5] is contained in the following proposition (see
[4, Remark 1.9 and Proposition 1.10]).
Proposition 7. Let F/K be a function field, where K is a field of characteristic p > 0, let E1
and E2 finite Galois p-extensions of F and let E = E1 ·E2 be the composite field of E1 and E2.
Let Q be a place of E. Let Q1, Q2 and P be the restrictions of Q to E1, E2 and F , respectively.
If the different exponents d(Qi | P) satisfy
d(Qi | P) = 2
(
e(Qi | P)− 1
) for i = 1,2,
then d(Q | Qi) = 2(e(Q | Qi)− 1) for i = 1,2.
It would be desirable to use this proposition also for the BGS tower, in order to simplify
the computations. Unfortunately, since the extensions in this case are not Galois, Proposition 7
cannot be applied directly. However, Proposition 7 can be modified to obtain a simplified proof
for the limit of the BGS tower. For this purpose, we make the following definition.
Definition 8. Let K be an arbitrary field of characteristic p > 0, let F/K be a function field and
let E be a finite separable extension of F . Let Q be a place of E and P be its restriction to F .
We say that the place Q has property () for the extension E/F , if
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(2) There exists a finite separable extension H of F such that
• the place P is unramified in the extension H/F , and
• the extension HE/H is a Galois p-extension.
The definition is justified by the fact that in Proposition 7, instead of requiring the exten-
sion Ei/F to be a Galois p-extension, it is sufficient to make the weaker assumption that it
has property () for the place Qi . It turns out that this is indeed the case in all relevant cases
(see Lemma 13). So although the critical extensions in part (iii) (see Fig. 8) are not Galois
p-extensions, they have property () for the corresponding places.
We first prove the following generalization of Proposition 7.
Proposition 9. Let F/K be a function field of characteristic p > 0, E1 and E2 finite separable
extensions of F , E = E1 · E2 the composite field of E1 and E2. Let Q be a place of E and Q1,
Q2 and P be the restrictions of Q to E1, E2 and F , respectively. Suppose, that the place Qi
has property () for the extension Ei/F for i = 1,2. Then the place Q has property () for the
extension E/Ei for i = 1,2.
Proof. The place Qi has property () for the extension Ei/F . So, let H1 be an extension of F ,
such that the place P is unramified in H1/F and H1E1/H1 is a Galois p-extension. Let H2 be
the corresponding extension of F for Q2 and E2/F . Let H = H1 ·H2 be their compositum. Since
the place P is unramified in H1/F and H2/F , it is unramified in the extension H/F . Moreover,
since the lifting of a Galois extension with Galois group G is again Galois and its Galois group
is a subgroup of G, HEi/H will be a Galois p-extension for i = 1,2. So, the extension H of F
satisfies the conditions in Definition 8 for both Q1 and Q2 simultaneously.
Now lift everything by taking the compositum with H (see Fig. 9). Since the place P is
unramified in the extension H/F , by Abhyankar’s Lemma the places Q1, Q2 and Q will be
unramified in the extensions E1H/E1, E2H/E2 and EH/E, respectively. Hence, going up with
H will not change the ramification behavior. Since EiH/H is a Galois p-extension for i = 1,2,
Fig. 9. Lifting by H .
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unramified in the extension EiH/Ei and EH/EiH is a Galois p-extension for i = 1,2. So the
place Q has property () for the extensions E/E1 and E/E2. 
We have to show, that all critical subextensions in Fig. 8 have property (). By rewriting
Eq. (4), we immediately get the following:
Lemma 10.
(i) F i,j+1 = F i,j (xj+1) for 0 i  j , where the minimal polynomial of xj+1 over F i,j is given
by
T q + xi
x
q
i + xi − 1
· T − xi
x
q
i + xi − 1
∈ F i,j [T ].
(ii) F i−1,j = F i,j (xi−1) for 1 i  j , where the minimal polynomial of xi−1 over F i,j is given
by
T q + x
q
i + xi − 1
x
q
i
· T − 1 ∈ F i,j [T ].
By Lemma 10, each step of the pyramid in Fig. 3 is of the form F(y)/F , where the irreducible
polynomial of y over F is of the form T q + a · T + b, with a, b ∈ F . We have the following
lemma.
Lemma 11. Let F/F¯p be a function field, and let E=F(y) be an extension of F obtained from F
by adjoining a root of the polynomial T pn + a · T + b, with a, b ∈ F×. Let P be a place of F .
If (pn − 1) | vP (a), then condition (2) of Definition 8 is satisfied; i.e., there exists an exten-
sion H of F , such that the place P is unramified in the extension H/F and EH/H is a Galois
p-extension.
Proof. Let H be the splitting field of the polynomial T pn + a · T over F (hence the extension
H/F is Galois). Denote by Z the set of roots of T pn + a · T . All roots of the polynomial T pn +
a · T + b are of the form y + α with α ∈ Z ⊂ H . It follows, that the lifting of E/F by H is
a Galois extension. In fact, also the extension EH/F is Galois, since it is the splitting field of
T p
n + a · T and T pn + a · T + b over F .
Let σ be an automorphism of EH/H . Then σ(y) = y + α, for some α ∈ Z and σp(y) =
y + p · α = y. So σp = id , hence EH/H is a p-extension.
F contains a primitive (pn − 1)th root of unity. H/F is a Kummer extension of degree d ,
where d | (pn − 1) and H is obtained from F by adjoining a nonzero root of the polynomial
T p
n +a ·T . By the theory of Kummer extensions (see [11, Chapter III.7]), the condition (pn−1) |
vP (a) implies that the place P is unramified in the extension H/F . 
Remark 12. In fact, EH is the Galois closure of the extension E/F .
Returning to the tower, let Q be a place of Fr (r  1) which is ramified in the extension Fr/F0
and which is of type III; i.e., xt (Q) = ∞ for some 1 t  r (see Fig. 8). Then the restrictions
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corresponding extensions. More precisely, we have:
Lemma 13.
(a) For 0 i  t − 1, let Mi = F i,t = F¯(xi, xi+1, . . . , xt ) and P i = Q|Mi . The fields Mi cor-
respond to the fields along the line AB in Fig. 8. Then, for 0 i  t − 2, the place P i has
property () for the extension Mi/Mi+1.
(b) For t  i  r , let Ni = F t−1,i = F¯(xt−1, xt , . . . , xi) and Ri = Q|Ni The fields Ni corre-
spond to the fields along the line AD in Fig. 8. Then, for t + 1  i  r , the place Ri has
property () for the extension Ni/Ni−1.
Proof. From Fig. 8 we see immediately that for all extensions Mj/Mj+1 (0  j  t − 2) and
Nk/Nk−1 (t + 1  k  r) (i.e. extension steps along the lines AB and AD) the restriction of
the place Q is either totally ramified with ramification index e = q and different exponent d =
2q − 2, or unramified (e = 1, d = 0). In either case d = 2(e− 1). So it remains to show that (2)
holds.
(a) Note that Mi = Mi+1(xi). By Lemma 10(ii), xi is a root of the polynomial
T q + x
q
i+1 + xi+1 − 1
x
q
i+1
T − 1 ∈ Mi+1[T ].
By Lemma 11, it suffices to show that
(q − 1)
∣∣∣ vP i+1
(
x
q
i+1 + xi+1 − 1
x
q
i+1
)
.
Let Sj = Q|F¯(xj ), for 0  j  t − 1. Note that e(P i+1 | Si+1) = q − 1 (see Fig. 6). Since we
have (xqi+1 + xi+1 − 1)/xqi+1 ∈ F¯(xi+1), it follows that
vP i+1
(
x
q
i+1 + xi+1 − 1
x
q
i+1
)
= e(P i+1 | Si+1) · vSi+1
(
x
q
i+1 + xi+1 − 1
x
q
i+1
)
= (q − 1) · vSi+1
(
x
q
i+1 + xi+1 − 1
x
q
i+1
)
,
so
(q − 1)
∣∣∣ vP i+1
(
x
q
i+1 + xi+1 − 1
x
q
i+1
)
.
(b) Let Wj = Q|
F¯(xj )
, for t  j  r . We have Ni = Ni−1(xi). By Lemma 10(i), xi is a root
of the polynomial
T q + xi−1
x
q + x − 1T −
xi−1
x
q + x − 1 ∈ N
i−1[T ].
i−1 i−1 i−1 i−1
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(q − 1)
∣∣∣ vRi−1
(
xi−1
x
q
i−1 + xi−1 − 1
)
.
If i > t + 1, this is clear, since in this case xi−1/(xqi−1 + xi−1 − 1) ∈ F¯(xi−1) and e(Ri−1 |
Wi−1) = q − 1 (see Fig. 7). So
vRi−1
(
xi−1
x
q
i−1 + xi−1 − 1
)
= (q − 1) · vWi−1
(
xi−1
x
q
i−1 + xi−1 − 1
)
.
If i = t + 1, then e(Ri−1 | Wi−1) = 1. However in this case Wi−1 = Q|
F¯(xi−1) = (xi−1 = ∞) is
the pole of xi−1. So
vRi−1
(
xi−1
x
q
i−1 + xi−1 − 1
)
= e(Ri−1 ∣∣ (xi−1 = ∞)) · v(xi−1=∞)
(
xi−1
x
q
i−1 + xi−1 − 1
)
= 1 · (q − 1),
which is divisible by q − 1. 
Theorem 14. With notation as above, we have
d(Q | Q|
F¯(x0,...,xt )
) = 2(e(Q | Q|
F¯(x0,...,xt )
)− 1).
Proof. Follows directly by Lemma 13, iterated application of Proposition 9 and transitivity of
different exponents and ramification indices in towers. 
Corollary 15.
γ (F) := lim
r→∞
g(Fr)
[Fr : F0] 
q(q + 2)
2(q − 1) .
Proof. The degree of the different of Fr/F0 is given by
deg Diff(Fr/F0) =
∑
P∈P(F0)
∑
P ′∈P(Fr )
P ′|P
d(P ′ | P) =
∑
P∈V (F/F0)
∑
P ′∈P(Fr )
P ′|P
d(P ′ | P).
• The place (x0 = 0) of F0 is totally ramified in every extension in the tower. Let U0 be the
unique place of Fr lying over it. U0 is of type I (see Section 2), so
e
(
U0 | (x0 = 0)
)= qr and d(U0 | (x0 = 0))= qr+1 − q .
q − 1
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unique place of Fr lying over it. U∞ is of type II, so
e
(
U∞ | (x0 = ∞)
)= qr and d(U∞ | (x0 = ∞))= 2(qr − 1).
• To estimate the contribution to deg Diff(Fr/F0) of places of Fr lying over places of F0 in
the set Φ := V (F/F0)\{(x0 = 0), (x0 = ∞)}, let
Γs =
{
P ∈ P(Fs) | P |F¯(xs ) = (xs = ∞)
}
.
Since for any P ∈ Γs , the ramification index is given by e(P | (xs = ∞)) = qs/2 (where t
denotes the greatest integer not exceeding t), we have
[
Fs : F¯(xs)
]= qs = qs/2 · |Γs |, so |Γs | = qs
qs/2
.
It follows that
∑
P∈Φ
∑
P ′∈P(Fr )
P ′|P
d(P ′ | P) =
r∑
s=1
∑
P˜∈Γs
∑
P ′∈P(Fr )
P ′|P˜
d(P ′ | P ′|F0)
=
r∑
s=1
∑
P˜∈Γs
∑
P ′∈P(Fr )
P ′|P˜
(
d(P˜ | P˜ |F0) · e(P ′ | P˜ )+ d(P ′ | P˜ )
)
=
r∑
s=1
∑
P˜∈Γs
∑
P ′∈P(Fr )
P ′|P˜
(
(q − 2) · e(P ′ | P˜ )+ 2(e(P ′ | P˜ )− 1))

r∑
s=1
∑
P˜∈Γs
q ·
∑
P ′∈P(Fr )
P ′|P˜
e(P ′ | P˜ ) =
r∑
s=1
∑
P˜∈Γs
q · [Fr : Fs]
=
r∑
s=1
|Γs | · q · qr−s = qr+1 ·
r∑
s=1
1
qs/2
 qr+1 ·
∞∑
s=1
1
qs/2
= q
r+2 + qr+1
q − 1 .
So, the degree of the different satisfies
deg Diff(Fr/F0)
qr+1 − q
q − 1 + 2
(
qr − 1)+ qr+2 + qr+1
q − 1
= q
r+2 + 4qr+1 − 2qr − 3q + 2  q
r+2 + 4qr+1 − 2qr
.q − 1 q − 1
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2g(Fr)− 2 = −2qr + deg Diff(Fr/F0) q
r+2 + 2qr+1
q − 1 .
Therefore,
lim
r→∞
g(Fr)
[Fr : F0] 
q(q + 2)
2(q − 1) . 
Theorem 16. The limit of the BGS tower F/F, where  = q3, satisfies
λ(F) = lim
r→∞
N(Fr)
g(Fr)
 2(q
2 − 1)
q + 2 .
Proof. Using Theorem 3 and Corollary 15, we obtain
λ(F) = ν(F)
γ (F) 
2(q2 − 1)
q + 2 . 
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